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1 Phase shifts for hard sphere scattering

(a). Find the phase shifts for scattering by a hard sphere

V(T):{OO r<a (1)

0 r>a

(b) Find the total cross section for an incoming energy

E =R’E*/2m (2)

in the two limits

k—o00, k—0

Give a physical interpratation of the factor 4 and 2 in your answers.

Hint 1:For k — oo use the asymptotic form of j; and n; to obtain a
simple form for sind?

Hint 2 : Look at Zettili,Problem 11.3

Solution (a)

In this problem we need not even evaluateS;(which is actually oo ). All
we need to know is that the wave function must vanish at r=R because the
sphere is impenetrable.

Therefore:

Ai(r)lr=r =0
or, from A;(r)|,—r = €"[cos §,j;(kR) — sin §;n;(kR)],

cos 015 (kR) — sind;n;(kR) =0

Ji(kR)

Thus the phase shifts are known for any 1.

tand; =

Notice that no approximations have been made so far.
(b) k=0, kr«l1

. rl
use j;(kr) ~ %, (kr — 0)

ny(kr) = =G (ke — 0)

- (k) +1>
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to obtain
—<I€’I“)21+1

(20 + 1)[(20 — D2
It is therefore all right to ignore §; with 1£0

In other words,we have s-wave scattering only,which is actually ex-

tand; =

pected for almost any finite-range potential at low energy.

tan (Sl = ZLll((IZ?;))

_ _ Jjo(kR) __ sin(kR)/kR __
for 1 =0, tando = S = “cosriar = — tan(kR)
(50 - —kR

0) = L 3°(20 + 1)e™ sin 6;p; (cost
k
=0
=1

_ do __ sin®§,
for I =0, %= ’“30“2 .
for kr < 1,  do — SwER) o BRE _ p2
the total cross section ,given by

do
Otot — EdQ = 4:’/'1'.R2

is four times the geometric cross section wR2.

X LA ATET RN AEZ M) wrp, FEARRERIR T (B — 0, IR
A= o0) , FERGMIIY R /N T IS A, ANSTRAERTST. N s @& 1h
FIPER) (I=0,m =0,Yo 5 0,0 ToK), RIEEERSR A 25 A0 Hh A A 45 01
MR, SR T A T MR A SR T AR 472

k — oo, ka>1

the number of partial waves contributing to the scattering is large.We
may regard 1 as a continuous variable.

note:

T=7xT7,

VIU+1)h ~ rp = rkh,

I(l+1) ~rk,

r~b, k—o00,l— 00

as an aside,we note the semiclassical argument that 1=bk

note :

\/mh ~ bp, for 1 large, [h ~ bp

PILERLA By 452 1=bk

we take [, = kR,
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at high energies many l-values contribute,up to ;.. = kR,a reasonable
assumption. The total cross section is therefore given by

Otot = 15 lji)R(Ql + 1)sin?g;

note:

f0) =+ Z(2l + 1)e™ sin d;p; (cosh)

Otot = f |f 0)[2dQ

=% o "de f_+11 d(cosh) > Z(Ql +1)(2" + 1) x €¥ sin §;e~* sin &, P, Py
= l (21 + 1)sin?4; .

%tﬁ%mﬁmﬁiﬂ_%%ﬁ

f Py(x) Py (z)dx = 21+16”C
_ 2 tan25l o tan25l _ [jl(kR)]2
sin® 51——tan 01 COS™ 0 = L5 = Thtan®s = GiGRR) PGB

use the asymptotic behavior when kr—oo,
Ji(kr) ~ & Sln(k:r -

ny(kr) ~ =& cos(kr — )

we obtain
sin® §; ~ sin?(kR — )
each time | increases by one unit, §; decreases by 5
Thus,for an adjacent (F14FfF]) pair of partial waves,
sin? §; 4 sin%6;41 = sin?6; + sin? (5 — 7) = sin?é; + cos® §; = 1
and with so many l-values contributing to
=R (21 4-1) sin? §y,
1

it is legltlmate to replace sin® §; by its average value, 3

Otot = kz

The number of terms in the l-sum is roughly kR,
and the average of 2] + 1 is roughly kR,

oot = 15 (kR)(3kR) = 27 R?

note:

m%mXﬁAT%ﬁ

%%“i(%+1) 2201 4 (2kR +1)|(kR+ 1)} = 22 (kR + 1)?,
I=
%R>1% FR ~ 27 R?
To see the origin of the factor of 2,we may split
62161 _q

f(0) = lE(Ql + 1) (%) Pi(cos ) = %lg(% + 1)e® sin 6, P,(cos®)

into two parts:
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F0) = L lZ(zz + 1) Py(cos ) + z(zz +1)Py(cos 0)

= frefiection + fshadow

In evaluating [ |fres|?dS2,the orthogonality of the Pj(cosf)’s ensure
that there is no interference among contributions from different l,and we

obtain the sum of the square of partial-wave contributions:
[ frenl?dQ = 35 z f“(zz + 1)*[Pi(cos 0)]*d(cos 0) ~ ™ges = w2

note: f P/(z)Py(x)dx = 21+151k

Turning our attention to fspqq,it is pure imaginary. It is particularly
strong in the forward direction because P;(cosf) =1for§ =0, (F(1)=1)

and the contributions from various l-values all add up coherently ,that
is,with the same phase, pure imaginary and positive in our case.

We can use the small-angle approximation for P, to obtain

fshaa = 57 22(21 4 1)Jo(16)

~ ;—k J(20k + 1) Jo(kbO)kdb

~ ik [T bdbJo(kbO)

_ iRJi(kR0)

9

this is just the formula for Fraunhofer diffraction in optics with a strong
peaking near 6=0.

Letting £ = kRO and d¢/& = db/0,

we can evaluate [ |fonaq|2dQ = 27 [ Md(cos 0)

~ 21 R [0 [Jlg( 1° (— sin 6)df

—onR? f (/1 (5) d¢

~ 27rR2 fo J1(£) d¢

~ mR?

Finally, the interaction between fspqq and fr.s; vanishes,

because the phase of f,.s; oscillates (20,41 = 20, — 7),

approximately averaging to zero,while f,;.4 is pure imaginary.

f(0) =57 %(2[ + 1)e* Py(cos ) + 5 %(2[ + 1)Pi(cos )

:freflectionlj? fshadow .

€2 = cos 26; + isin 20;,

2011 =20, —

note:
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pure imaginary number X oscillates — oscillates

> oscillates — 0

El]nd note

Re(fipaafrert) =0

Otot = [(Frepi + Finad) (frest + fsnaa) A2

= [ finaafsnaad2+ [ firaafresidQ+ [ fropifshaad+ [ fropi frepd
= 1fsnadl*dQ + [ | fresi[?dQ2 + [ 2Re(fpaq fres1)d02

the interference between fgp.q and fr.s; vanishes.

Thus, oo = TR*(0ref1) + TR*(0shaa)

ST (IR RIAET Ol MBS, RO T s REREER U il
ZHUNT R W —ESHRE . Brlh, S5 77 8B 7RI Z 0,
—REETE R

MBS Fy 272K, XA B A2 H T ) B NS RON R BT B e =2 T
JEF AT (destructive interference) , [AIHIRATTFR ZEHE K™ 4 — 1]
"o

FISCBUHIRIE  fonaa — ERLEREE] LI FTHA H

< T > — (large 1)

ket 4 £(0) 2]

. e'ilm‘ e—i(krflﬂ)
=@mm 22+ Dl +2ikfiR)] G - ——]
that the coefficient of e*" /2ikr for the lth partial wave behaves like

1+ 2ikfi(k),
where the 1 would be present even without the scatterer,
hence there must be a positive imaginary term in f; to get cancellation.

note:
fi= = = foraa 95
J(0) = > (20 + 1)(821;;];1)]31(COS 0),

f0) = €021 = 20U (R 44 (RSO
[+ 2ikfi(k)] < 1,— f JEOLTF— A ERER

In fact ,this gives a physical interpretation of the optical theorem, which

can be checked explicitly.
First note that
Otot = 1, f(0 =0)
K frest ¥63%, Lnlfresi(0)] averages to zero due to oscillating phase.
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ek

4:77[-—[7nf(0 = O) ~ 47TImfshad(9 - O)

Tk

Using
kR 4 kR

f(0) = 55 > (21 + 1)e*™ ™ Py(cos 0) + 55 > (21 + 1) Py(cos §)
=0 =0

:freflection + fshadow ;

we obtain

Am _gyor 1l _ 2 2 9 R?
~ In f(0=0) = k2(2l+1)—k2(kR+1)~27rR, (kR > 1)



