4 Finite-range T matrix calculation

4.1 Problem description



4.2 Integral form in 3D coordinate basis

The T matrix takes the form:
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expand it into an integral form:
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ignore the spin of the relative motion scattering wave function:
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the four inner products can be expressed with:
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the complex conjugation should be taken seriously.
The post/prior potential takes the local form:
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where x stands for the angle between rp,, and 7.
Combine all the expressions:
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4.3 Manipulation of spherical harmonics

In order to carry out the numerical integration, we need to unify the variables.
expansion of spherical harmonics:
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SO we can use T, and 7, to express f and g:

when the vector satisfies:

where

ma + My

so the two spherical harmonics of f and g can be expanded with:

ly—n n
mh ~ Tz —Tbz mp— ~ ~
Y, (9) /72 Z (I, n (grz) (=Tba) v A(TI)Y,{\ (T

Iy lpy—n
n=0A=—n 9

X (lb—n,n,mb—)\,)\ ‘ lb,mb>

la u o lo—u - u 3
Ve (£) VA Y 3 el Dy i v ()

1
u=0v=—u fa
X (lg —uyu,mg — v,V | Lo, mg)

combine all the spherical harmonics:
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since the length of f and g depends on the relative angle x, in order to separate the angle and
the radius variable, we carry out the Legendre expansion:
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and the Legendre function can be represented with spherical harmonics as well through the
so-called addition theorem:
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all the angle part now can be represented with spherical harmonics:
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the multiplication of two spherical harmonics can be reduced with:
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2 x 4 = 8 spherical harmonics now are reduced to 2 x 3 = 6 ones. It is worthy to mention that
the integral is carried out only on these spherical harmonics, and the three harmonics integral
can be represented with 3j symbol:
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finally all the harmonics are replaced by the 3j symbols:
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then we have to deal with these complicated 3j symbols.
4.4 Reduction of the 3j symbol
In this section, we focus on the sum over the last 6 3j symbols. With the reduction:
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so the sum over the 6 3j symbols turned into:

E: § ' (71)mT+mAa+mAb+MB+ma+mb+n+Aa+la*U

MT MALMA,

< Ao e T )( Ap 1, T >
X
ma, Mpy —MT my, —Mp mr

l

Iy
XZP(_ZZ’ l _la >(l _Aa _Ab ) Y
l my My —mg mp —ma,  —Mma, b—n Ay
sum over 3 symbols can be reduced with:
c a f
W (abed; e
awedien) (2 1)
:Z(_)f,e,a,g a b e d c e b
a [ —e 6 v € 8
Bde

so the sum over 3 3j symbols can be converted to:

S X oy (A b T
e A A mp, Mpy —MT
a b
Ab lm T l Aa Ab
X
mp, —Mp mr mp —mpa, —Mma,
L,

:(_)lﬁ'/\aW(lx,Ab,lbmAaZTJ) ( lpz

Mpy 7MB —my

then the sum over 6 3j symbols turned into:

2(21 + 1)(_)mT+lw+mAb+ma+mb+n+la7uW (lx’ Ab; lb:c, Aa§ T, l)

l

y Ay lz T lp Iy l l;;
mp, —Mp my My, —Mp —my

l

Aq

lb—n Ab

12

)

la
lg —u
U

la

lg —u

u

(73)

(74)

(75)



at last we arrive at the final compact form of T matrix:
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