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Representation
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Single qubit states that are not entangled and lack
global phase can be represented as points on the
surface of the Bloch sphere, written as

lY) = cos( )IO) + et sm( )|1)
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Quantum logic gate

1.Quantum logic gates are represented
by unitary matrices.

2. unitary quantum gates are always
invertible.

Operator

Matrix

Pauli-X (X)
Pauli-Y (Y)
Pauli-Z (Z)
Hadamard (H)
Phase (S, P)
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Single qubit gates

a|0) + 3 |1)
a|0) + 211)

a|0) + 3 |1)

0)+|1

— £10) +al1)

al0) = G11)

==
Sl
ot



Pauli-X (X) Pauli-Y (Y) Pauli-Z (Z)
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Hadamard (H)
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A rotation about ¥ axis by 90°, followed by a rotation about X by 180°
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Figure 1.4. Visualization of the Hadamard gate on the Bloch sphere, acting on the input state (|0) + |1))/v/2.



Rotation operators

Rotation about X or § or Z axis by 8 degree
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Decomposing single qubit operations

An arbitrary 2x2 unitary matrix may be decomposed as
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Multiple qubit gates

a
CI—[>O— NOT a b aanp b

(a) (b) controlled-NOT
a OR a XOR A A
b@—a b bjD—a b |4) |A) |OO> N |00>
(c) (d) |B) J 1B & A) |01) — [01)
|10) — |11)
e “ NAND b = 1 0 0 O
() b:Do;a w lo1o0o0 11) - [10)
Uen=10 0 0 1
(f) Z@O—GNORb = ®—I>O— 00 10

Figure 1.6. On the left are some standard single and multiple bit gates, while on the right is the prototypical
multiple qubit gate, the controlled-NOT. The matrix representation of the controlled-NOT, Uc v, is written with
respect to the amplitudes for |00), |01), [10), and |11), in that order.

Any multiple qubit logic gate may be composed from CNOT and single qubit gates.



Controlled-U gate —
U b X

Figure 1.9. Two different representations for the controlled-NOT.

Figure 1.8. Controlled-U gate.

M
Measurement operation |?7b> - ﬁkz

Figure 1.10. Quantum circuit symbol for measurement.
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Qubit copying circuit?

[¥}0) = al00) + b|10)

X —x XF— X Q/)> — a|0> + b|1>
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00—y x®ypl— X |0>

Figure 1.11. Classical and quantum circuits to ‘copy’ an unknown bit or qubit.

1)) = a2|00) + ab01) + ab|10) + b2|11)
= al|0)(al0) + b|1)) + b|1)(al0) + b|1))

It is impossible to make a copy of an unknown quantum state.



Bell states (EPR pairs)
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Figure 1.12. Quantum circuit to create Bell states, and its input—ouput quantum ‘truth table’.



quantum teleportation
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Quantum teleportation l A
utilizes the entangled B /7‘\ =
EPR pair in order to send | 500> H
an unknown qubit ) X M ML |¢>

to Bob, with only a small
overhead of classical

T T T T T
communication. |¢O> le > |¢2> |”9b3> |¢4>

1g 1 Qua m ) 0 a qubit. The two top lines represent Alice’s system, while the bottom
|lp0> = |lp> |’8 00) \/— Cll O>(| Oqt>m+15 Ii 12)3\llll_tcréﬁﬁ<|nutgls 1t1)‘}}}?1 nlul:u}'c:n;l;lln ltﬁ)();}ixlltl)lﬁ»g)l}ms(catlﬂxﬂi)z -e}ulb:lftll)ém lcalrr;lclalssitctal
, bits (recall that single lines denote qubits). 01 - |l/)3) — (al 1) + blO))
1) = —[al0)(|00) + [11)) + b|1)(]10) + |01))] 10 = [p3) = (al0) — b[1))
V2 11 - [ihs) = (al1) - b|0))
1

2) = [a(IO) +11))(100) + [11)) + b(|0) — [1))(|10) + |01))]
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